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Asymptotics of quantum invariants

Perspective

Perspective: the Kashaev volume conjecture

Kashaev 1995: For every odd n, Kashaev introduces an “invariant”
Kn(M, L) of links L in 3-dimensional manifolds M.

Well-defined when M = S3 (Kashaev). Full invariance for any M
later proved by Baseilhac-Benedetti (2001)

Kashaev 1996: Handwavy arguments =⇒ conjecture

lim
n→∞

1
n log

∣∣Kn(M, L)
∣∣ = 1

2πvolhyp(M − L)

Murakami-Murakami 1999: If JnL (q) ∈ Z[q, q−1] is the
(normalized) n–th colored Jones polynomial of L ⊂ S3,

Kn(S3, L) = JnL
(
e

2πi
n
)
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Perspective: the original Kashaev volume conjecture

Why believable? Kashaev’s original construction similar to
techniques used in explicit construction of hyperbolic metrics on
3-manifolds (Rivin, Casson, Neumann-Zagier, Lackenby, etc.)

uses ideal triangulations of M − L

formulas involve “rational angles” 2πk
n with k ∈ Z/n

asymptotic contribution of each tetrahedron involves the
dilogarithm function Li2, same as volume of hyperbolic ideal
tetrahedra

asymptotic behavior controlled by critical value of a sum of
dilogarithms, same for hyperbolic volumes

Typical reaction of a näıve hyperbolic geometer (≈ 2000): “This
conjecture is going to be proved very soon. Not my me, but I want
to be there when this new frontier is developed. Let me learn some
quantum topology.”



4/74

Asymptotics of quantum invariants

Perspective

Perspective: the original Kashaev volume conjecture

Why believable? Kashaev’s original construction similar to
techniques used in explicit construction of hyperbolic metrics on
3-manifolds (Rivin, Casson, Neumann-Zagier, Lackenby, etc.)

uses ideal triangulations of M − L

formulas involve “rational angles” 2πk
n with k ∈ Z/n

asymptotic contribution of each tetrahedron involves the
dilogarithm function Li2, same as volume of hyperbolic ideal
tetrahedra

asymptotic behavior controlled by critical value of a sum of
dilogarithms, same for hyperbolic volumes
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Perspective: the volume conjectures

Why interesting?

combines two very different fields, and fosters interaction
between different branches of mathematics

probably not as impactful on each field as originally
anticipated, but

still pretty amazing. Example: A quantum invariant which is a
sum of 10139 terms (corresponding to states), many of which
are of the order of 1035; however, the sum is only of the order
of 1022. The cancellations are not algebraic term-by-term, but
“on average”.



5/74

Asymptotics of quantum invariants

Perspective

Perspective: the volume conjectures

Why interesting?

combines two very different fields, and fosters interaction
between different branches of mathematics

probably not as impactful on each field as originally
anticipated, but

still pretty amazing. Example: A quantum invariant which is a
sum of 10139 terms (corresponding to states), many of which
are of the order of 1035; however, the sum is only of the order
of 1022. The cancellations are not algebraic term-by-term, but
“on average”.



5/74

Asymptotics of quantum invariants

Perspective

Perspective: the volume conjectures

Why interesting?

combines two very different fields, and fosters interaction
between different branches of mathematics

probably not as impactful on each field as originally
anticipated

, but

still pretty amazing. Example: A quantum invariant which is a
sum of 10139 terms (corresponding to states), many of which
are of the order of 1035; however, the sum is only of the order
of 1022. The cancellations are not algebraic term-by-term, but
“on average”.



5/74

Asymptotics of quantum invariants

Perspective

Perspective: the volume conjectures

Why interesting?

combines two very different fields, and fosters interaction
between different branches of mathematics

probably not as impactful on each field as originally
anticipated, but

still pretty amazing.

Example: A quantum invariant which is a
sum of 10139 terms (corresponding to states), many of which
are of the order of 1035; however, the sum is only of the order
of 1022. The cancellations are not algebraic term-by-term, but
“on average”.



5/74

Asymptotics of quantum invariants

Perspective

Perspective: the volume conjectures

Why interesting?

combines two very different fields, and fosters interaction
between different branches of mathematics

probably not as impactful on each field as originally
anticipated, but

still pretty amazing. Example: A quantum invariant which is a
sum of 10139 terms (corresponding to states), many of which
are of the order of 1035; however, the sum is only of the order
of 1022. The cancellations are not algebraic term-by-term, but
“on average”.



6/74

Asymptotics of quantum invariants

Perspective

Perspective: the volume conjectures

Why interesting?

motivated use of geometric intuition to get insights on
quantum invariants

motivated use of quantum topology ideas to obtain results in
hyperbolic geometry (J. Murakami)

more volume conjectures involving

Turaev-Viro and Reshetikhin-Turaev invariants (Q. Chen, T.
Yang, . . . )
hyperbolic Dehn fillings (Ohtsuki, K.H. Wong, T. Yang,
Pandey), by going to infinity in different ways
surface diffeomorphisms (F.B., H. Wong, T. Yang), a
simplified version of the original Kashaev conjecture introduced
as a gateway to develop tools to attack the main conjecture
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The SL2–skein algebra and its

representations
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The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

For q ∈ C∗, the SL2–skein algebra of a surface S is

SqSL2
(S) =

{
C–linear comb. of framed links L ⊂ S×[0, 1]

}
/skein relations

SL2–skein relations:

= q
1
2 + q−

1
2

= −
(
q + q−1

)
∅

In practice, pictures of knots drawn on the surface

Multiplication by superposition: If [L1], [L2] ∈ SqSL2
(S),

[L1] · [L2] = [L1 t L2] where L1 ⊂ S × [0, 1
2 ] and L2 ⊂ S × [ 1

2 , 1]



8/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

For q ∈ C∗, the SL2–skein algebra of a surface S is

SqSL2
(S) =

{
C–linear comb. of framed links L ⊂ S×[0, 1]

}
/skein relations

SL2–skein relations:

= q
1
2 + q−

1
2

= −
(
q + q−1

)
∅

In practice, pictures of knots drawn on the surface

Multiplication by superposition: If [L1], [L2] ∈ SqSL2
(S),

[L1] · [L2] = [L1 t L2] where L1 ⊂ S × [0, 1
2 ] and L2 ⊂ S × [ 1

2 , 1]



8/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

For q ∈ C∗, the SL2–skein algebra of a surface S is

SqSL2
(S) =

{
C–linear comb. of framed links L ⊂ S×[0, 1]

}
/skein relations

SL2–skein relations:

= q
1
2 + q−

1
2

= −
(
q + q−1

)
∅

In practice, pictures of knots drawn on the surface

Multiplication by superposition: If [L1], [L2] ∈ SqSL2
(S),

[L1] · [L2] = [L1 t L2] where L1 ⊂ S × [0, 1
2 ] and L2 ⊂ S × [ 1

2 , 1]



9/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

q = 1 =⇒ = + =

=⇒ SqSL2
(S) can be seen as a deformation of the algebra S1

SL2
(S)

of regular functions on the SL2(C)–character variety

XSL2(S) =
{

group hom. r : π1(S)→ SL2(C)
}
//SL2(C)

Proposition (Helling?)

For every algebra homomorphism ρ : S1
SL2

(S)→ C, there exists a
unique r ∈ XSL2(S) such that

ρ
(
[K ]
)

= −Trace r(K )

for every knot K ⊂ S × [0, 1]



9/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

q = 1 =⇒ = + =

=⇒ SqSL2
(S) can be seen as a deformation of the algebra S1

SL2
(S)

of regular functions on the SL2(C)–character variety

XSL2(S) =
{

group hom. r : π1(S)→ SL2(C)
}
//SL2(C)

Proposition (Helling?)

For every algebra homomorphism ρ : S1
SL2

(S)→ C, there exists a
unique r ∈ XSL2(S) such that

ρ
(
[K ]
)

= −Trace r(K )

for every knot K ⊂ S × [0, 1]



9/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The SL2–skein algebra of a surface

q = 1 =⇒ = + =

=⇒ SqSL2
(S) can be seen as a deformation of the algebra S1

SL2
(S)

of regular functions on the SL2(C)–character variety

XSL2(S) =
{

group hom. r : π1(S)→ SL2(C)
}
//SL2(C)

Proposition (Helling?)

For every algebra homomorphism ρ : S1
SL2

(S)→ C, there exists a
unique r ∈ XSL2(S) such that

ρ
(
[K ]
)

= −Trace r(K )

for every knot K ⊂ S × [0, 1]



10/74

Asymptotics of quantum invariants

The SL2–skein algebra and its representations

The G–skein algebra of a surface

More generally, if G is a Lie group, with associated quantum group
Uq(g), the G–skein algebra S1

G (S) is

SqG (M) =


free C–vector space

generated by links L ⊂ M

colored by reps of Uq(g)


/

all relations between

tensor products of

representations of Uq(g)



When G = SLd = {d × d matrices with det = 1} and q generic,
Cautis-Kamnitzer-Morrison give explicit relations in terms of
colored trivalent graphs called webs

Remark: For the geometrically inclined, it may be better to replace
representations of the quantum group Uq(g) of the Lie algebra g
by co-representations of the quantum coordinate ring Oq(G ) of the
Lie group G . Geometers tend to have more intuition for Lie groups
than for Lie algebras
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The SL2–skein algebra and its representations

The center of SL2–skein algebra for q generic

S oriented surface of finite topological type, possibly with
punctures

Theorem (Etingof?)

When q is not a root of unity, the center of SqSL2
(S) is generated

by simple loops Pv ⊂ S × 1
2 going around the punctures v of S
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The SL2–skein algebra and its representations

The center of SL2–skein algebra for qn = 1

Tn(t) = n–th Chebyshev polynomial of the first type, defined by
TraceAn = Tn(TraceA) for every A ∈ SL2

Theorem (FB + Helen Wong)

When qn = 1 primitive with n odd and (q
1
2 )n = −1, there is a

unique central Frobenius embedding
F : S1

SL2
(S)→ SqSL2

(S)
such that

F
(
[K ]
)

= Tn

(
[K ]
)

for every simple closed curve K ⊂ S × 1
2 ⊂ S × [0, 1]

Frohman-Kania-Bartoszyńska-Lê: The center of SqSL2
(S) is

generated by the image F
(
S1
SL2

(S)
)

and the loops Pv around the
punctures
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The SL2–skein algebra and its representations

Invariants of representations of SqSL2
(S)

Corollary

If (q
1
2 )n = −1 with n odd and ρ : SqSL2

(S)→ End(V ) is an
irreducible representation of SqSL2

(S), there exists a unique
rρ ∈ XSL2(S) and weights pv ∈ C associated to the punctures v of
S such that

ρ
(
[K ]
)

= −Trace rρ
(
[K ]
)

IdV for every simple closed curve
K ⊂ S × 1

2 ⊂ S × [0, 1]

ρ
(
[Pv ]

)
= pv IdV for every simple loop Pv going around the

puncture v

In addition, the puncture weights pv ∈ C are compatible with r in
the sense that Tn(pv ) = −Trace rρ(Pv ) for every puncture v

rρ ∈ XSL2(S) is the classical shadow of the representation
ρ : SqSL2

(S)→ End(V )
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The SL2–skein algebra and its representations

Classification of “most” representations of SqSL2
(S)

Theorem (Frohman-Kania-Bartoszyńska-Lê,
Ganev-Jordan-Safronov, Detcherry-Santharoubane)

Suppose (q
1
2 )n = −1 with n odd. For every smooth point

r ∈ XSL2(S) and every system of puncture weights pv ∈ C
compatible with r there exists, up to isomorphism, a unique
irreducible representation ρ : SqSL2

(S)→ End(V ) whose classical
shadow and puncture invariants are r and the pv
In addition, dimV = n3g−3+p

Remark. By Ganev-Jordan-Safronov and more recent results (FB
+ Higgins, Higgins, Z. Wang, H. K. Kim, Lê, Karuo, . . . ), similar
properties hold, or should hold, for SqSLd

(S)
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Part III

One more volume conjecture
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One more volume conjecture

Volume conjecture for surface diffeomorphisms

Based on joint work with Helen Wong and Tian Yang
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One more volume conjecture

Invariant SL2(C)–characters

S oriented surface of finite topological type, with genus g and
p > 0 punctures

A diffeomorphism ϕ : S → S acts on the character variety XSL2(S),
on the skein algebra SqSL2

(S), and on representations of the skein
algebra
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One more volume conjecture

Invariant SL2(C)–characters

Fact. In the generic case where ϕ is pseudo-Anosov, it fixes many
smooth points of XSL2(S):

The restriction(s) rhyp ∈ XSL2(S) to S of the monodromy
π1(Mϕ)→ PSL2(C) of the unique hyperbolic metric of the
mapping torus

Mϕ = S × [0, 1]/(x , 1) ∼ (ϕ(x), 0)

If S has p punctures, the fixed point set of the action of ϕ is
a smooth submanifold of complex dimension p near
rhyp ∈ XSL2(S)
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One more volume conjecture

Invariant representations of SqSL2
(S)

Recall. Suppose (q
1
2 )n = −1 with n odd. For every smooth point

r ∈ XSL2(S) and every system of puncture weights pv ∈ C such
that Tn(pv ) = −Trace r

(
[Pv ]

)
for every puncture v , there exists,

up to isomorphism, a unique irreducible representation
ρ : SqSL2

(S)→ End(V ) whose classical shadow and puncture
weights are r and the pv

Suppose that we are given:

a smooth character r ∈ XSL2(S) that is fixed by the action of
the diffeomorphism ϕ : S → S
system of puncture weights pv ∈ C that is compatible with r
in the sense that Tn(pv ) = −Trace r(Pv ) for every v , and
ϕ–invariant in the sense that pϕ(v) = pv for every v

Then, the theorem associates to this ϕ–invariant data a
representation ρ : SqSL2

(S)→ End(V ) which is ϕ–invariant up to
isomorphism
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One more volume conjecture

Invariant representations of SqSL2
(S)

The ϕ–invariance of the representation ρ : SqSL2
(S)→ End(V )

means that there exists a linear isomorphism Λq
ϕ,r ,pv : V → V such

that

ρ
(
ϕ[L]

)
= Λq

ϕ,r ,pv ◦ ρ
(
[L]
)
◦
(
Λq
ϕ,r ,pv

)−1
in End(V )

for every [L] ∈ SqSL2
(S)

ρ irreducible =⇒ Λq
ϕ,r ,pv is unique up to conjugation and scalar

multiplication
Normalize so that det Λq

ϕ,r ,pv = 1

Proposition∣∣Trace Λq
ϕ,r ,pv

∣∣ depends only on q with (q
1
2 )n = −1 and n odd, on

the ϕ–invariant character r ∈ XSL2(S) and on the ϕ–invariant
compatible puncture weights pv ∈ C
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One more volume conjecture

The Chebyshev equation

Compatibility equation. The puncture weights pv must satisfy
Tn(pv ) = −Trace r

(
[Pv ]

)
where Pv is a loop around the puncture v

Lemma

If λv and λ−1
v are the eigenvalues of r

(
[Pv ]

)
∈ SL2(C), the

solutions of the equation
Tn(pv ) = −Trace r

(
[Pv ]

)
(= λv + λ−1

v )
are the numbers of the form

pv = −λ
1
n
v − λ

− 1
n

v

as λ
1
n
v franges over all n–roots of λv
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One more volume conjecture

The volume conjecture for surface diffeomorphisms

Geometric data.

a diffeomorphism ϕ : S → S

a ϕ–invariant character r ∈ XSL2(S)

ϕ–invariant logarithms θv = log λv , so that
Trace r

(
[Pv ]

)
= eθv + e−θv and θϕ(v) = θv

For each n odd.

q = e
2πi
n and q

1
2 = e

πi
n

puncture weights pv = −e
1
n
θv − e−

1
n
θv

Conjecture

lim
n odd→∞

1

n
log
∣∣Trace Λq

ϕ,r ,pv

∣∣ =
1

4π
volhypMϕ

where volhypMϕ is the volume of the hyperbolic metric of the
mapping torus Mϕ
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The volume conjectures for surface diffeomorphisms

Suppose instead that

pv = −qmv,ne
1
n
θv − q−mv,ne−

1
n
θv

for correction factors mv ,n ∈ Z with mϕ(v),n = mv ,n and

lim
n odd→∞

4πmv ,n

n
= αv ∈ [0, 2π]

Conjecture (T. Pandey, K. H. Wong)

lim
n odd→∞

1

n
log
∣∣Trace Λq

ϕ,r ,pv

∣∣ =
1

4π
volhypMϕ(αv )

where volhypMϕ(αv ) is the volume of the hyperbolic cone
manifold obtained from Mϕ by Dehn filling with cone angle
αv ∈ [0, 2π] along each cusp of Mϕ corresponding to the ϕ–orbit
of the puncture v .
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One more volume conjecture

Numerical evidence

S = one-puncture torus

π0 Diff(S) = GL2(Z) ϕ = ( 3 2
1 1 )

Pick some ϕ–invariant character r ∈ XSL2(S) and logarithm θv for
the eigenvalues e±θv of r(Pv ) ∈ SL2(C)

For every n odd and puncture weight pv = −e
1
n
θv − e−

1
n
θv , the

machinery gives us an isomorphism Λϕ,r ,pv : V → V with
dimV = n
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Numerical evidence

1
n log |Trace Λϕ,r ,pv |
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0.14
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Top ≈ 0.212253− 1.07278
n + 0.715999

n2 − 40.8161
n3 + 656.735

n4

Bott.≈ 0.212223 + 0.0566988
n − 0.0535225

n2 − 11.5552
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n4

1
4πvolhyp(Mϕ) ≈ 0.212212
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Numerical evidence

An example with the same ϕ : S → S , but a different ϕ–invariant
character r ∈ XSL2(S)

1
n log |Trace Λϕ,r ,pv |
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Part IV

How to compute
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How to compute

The quantum Teichmüller space

Recall. The SL2–skein algebra SqSL2
(S) is a deformation of the

algebra of functions on the SL2(C)–character variety

XSL2(S) =
{

group hom. r : π1(S)→ SL2(C)
}
//SL2(C)

The quantum Teichmüller space is a deformation of the algebra of
functions on the enhanced PSL2(C)–character variety

X enh
PSL2(C)(S) =

{
group hom. r̄ : π1(S)→ PSL2(C) with data

of eigenline⊂ C2 for r̄(Pv ) at each puncture v

}
//PSL2(C)

Advantages / drawbacks

The skein algebra is very intrinsic, but hard to work with

The quantum Teichmüller space is a conceptual mess, but
easier to compute with
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How to compute

The quantum Teichmüller space

S = oriented surface of genus g with p > 1 punctures

An ideal triangulation of S is a triangulation τ with all vertices at
the punctures, with edges e1, e2, . . . , e6g−6+3p

Thurston used ideal triangulations to construct shearbend
coordinates for the enhanced character variety X enh

PSL2(C)(S).

There is one coordinate xi ∈ C∗ for each edge of the ideal
triangulation τ .
Each xi is a crossratio of eigenlines associated to the punctures
of S
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The quantum Teichmüller space

The Chekhov-Fock algebra of the ideal triangulation τ is the
Laurent polynomial algebra

CFq
τ = C[X±1

1 ,X±1
2 , . . . ,X±1

6g−6+3p]q

where XiXj = q2εij XjXi with

εij = ]

ei ej

− ]
ej ei
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How to compute

The quantum Teichmüller space

ĈFq
τ = fraction algebra of CFq

τ

Theorem (Chekhov-Fock + H. Bai)

Up to uniform rescaling of the Xi , there exists a unique family of
algebra isomorphisms

Ψq
ττ ′ : ĈF

q
τ ′ → ĈF

q
τ

as τ , τ ′ range over all ideal triangulations of S

, such that

Ψq
ττ ′′ = Ψq

ττ ′ ◦Ψq
τ ′τ ′′

for any three ideal triangulations τ , τ ′, τ ′′
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The quantum Teichmüller space

Fundamental case: the diagonal exchange

ei0

ei1

ei3

ei4 ei2
e ′i0

e ′i1

e ′i3

e ′i4 e ′i2

Ψq
ττ ′(X

′
i ) =


X−1
i0

if i = i0

Xi

(
1 + q−1Xi0

)
if i = i1 or i3

Xi

(
1 + q−1X−1

i0

)−1
if i = i2 or i4

Xi if i 6= i0, i1, i2, i3, i4
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How to compute

The quantum Teichmüller space

The quantum Teichmüller space T q(S) of S is the family of the
Chekhov-Fock algebras CFq

τ and of the quantum coordinate
changes Ψq

ττ ′

When q = 1, this corresponds to Thurston’s shearbend coordinates
for the enhanced character variety X enh

PSL2(C)(S), consisting of

homomorphisms r : π1(S)→ PSL2(C) enhanced with the data of
an eigenline for r(Pv ) ∈ PSL2(C) at each puncture v
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How to compute

Representations of the quantum Teichmüller space

A representation ρ̄ : T q(S)→ End(V ) of the quantum Teichmüller
space is a family of representations ρ̄τ : CFq

τ → End(V ), as τ
ranges over all ideal triangulations,

that are compatible with the

quantum coordinate changes Ψq
ττ ′ : ĈF

q
τ ′ → ĈF

q
τ in the sense that

ρ̄τ ′(X
′) = ρ̄τ

(
Ψq
ττ ′(X

′)
)

= ρ̄τ (P) ◦ ρ̄τ (Q)−1 = ρ̄τ (Q ′)−1 ◦ ρ̄τ (P ′)

for every X ′ ∈ CFq
τ ′ , whenever Ψq

ττ ′(X
′
i ) = P/Q = Q ′\P ′ ∈ ĈFq

τ

with P, Q, P ′, Q ′ ∈ CFq
τ and ρ̄τ (Q), ρ̄τ (Q ′) ∈ End(V ) invertible



34/74

Asymptotics of quantum invariants

How to compute

Representations of the quantum Teichmüller space

A representation ρ̄ : T q(S)→ End(V ) of the quantum Teichmüller
space is a family of representations ρ̄τ : CFq

τ → End(V ), as τ
ranges over all ideal triangulations, that are compatible with the

quantum coordinate changes Ψq
ττ ′ : ĈF
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q
τ ′ → ĈF
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Representations of the quantum Teichmüller space

Recall:

Theorem (FB + Helen Wong 2016)

When qn = 1 primitive with n odd and (q
1
2 )n = −1, there is a

unique central Frobenius embedding
F : S1

SL2
(S)→ SqSL2

(S)
such that

F
(
[K ]
)

= Tn

(
[K ]
)

for every simple closed curve K ⊂ S × 1
2 ⊂ S × [0, 1]

Frohman-Kania-Bartoszyńska-Lê: The center of SqSL2
(S) is

generated by the image F
(
S1
SL2

(S)
)

and the loops Pv around the
punctures
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Representations of the quantum Teichmüller space

Theorem (FB + Xiaobo Liu 2007)

When qn = 1 primitive with n odd, there is a central Frobenius
embedding

Fτ : CF1
τ → CFq

τ

defined Fτ (Xi ) = X n
i for every generator Xi . It is compatible with

the quantum coordinate changes Ψq
ττ ′ in the sense that

Ψ1
ττ ′ ◦ Fτ ′ = Fτ ◦Ψq

ττ ′

for every ideal triangulations τ , τ ′ of S

Complement. The center of CFq
τ is generated by the image

F
(
CF1

τ

)
and by elements

Hv = q−
∑

k<l εik ilXi1Xi2 . . .Xim

associated to the punctures v , with ei1 , ei2 , . . . , eim the edges
ending at v
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Representations of the quantum Teichmüller space

Recall.

Theorem

Suppose that qn = 1 primitive with n odd and (q
1
2 )n = −1. If

ρ : SqSL2
(S)→ End(V ) is an irreducible representation of SqSL2

(S),
there exists a unique rρ ∈ XSL2(S) and puncture weights pv ∈ C
compatible with r such that

ρ
(
[K ]
)

= −Trace rρ
(
[K ]
)

IdV for every simple closed curve
K ⊂ S × 1

2 ⊂ S × [0, 1]

ρ
(
[Pv ]

)
= pv IdV for every simple loop Pv going around the

puncture v

In addition, ρ : SqSL2
(S)→ End(V ) is uniquely determined by this

data if r is a smooth point of the character variety XSL2(S)
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Representations of the quantum Teichmüller space

Theorem (FB + Xiaobo Liu 2007)

When qn = 1 primitive with n odd, every irreducible representation
ρ̄ = {ρ̄τ : CFq

τ → End(V ); τ ideal triangulation}
of the quantum Teichmüller space determines

an enhanced character r̄ ∈ X enh
PSL2(C)(S) such that, for every edge ei

of the ideal triangulation τ , ρ̄τ (X n
i ) = xi IdV for the shearbend

coordinate xi of r along the edge ei

a puncture invariant hv ∈ C∗ associated to each puncture v , such
that ρ̄τ (Hv ) = hv IdV and hnv = λ2

v for the eigenvalue λv of
r̄(Pv ) ∈ PSL2(C) corresponding to the preferred eigenline given by
the enhancement

Conversely, two representations of the quantum Teichmüller space are
isomorphic if and only if they have the same classical shadow
r̄ ∈ X enh

PSL2(C)(S) and puncture invariants hv ∈ C∗, and every data as
above is realized by a representation
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Quantum Teichmüller invariants of surface diffeomorphisms

A diffeomorphism ϕ : S → S induces a preferred isomorphism

Φq
ϕ(τ)τ : CFq

τ → CF
q
ϕ(τ)

sending the generators Xi of CFq
τ associated to the edge ei of τ to

the generator X ′i of CFq
ϕ(τ) associated to the edge e ′i = ϕ(ei ) of

ϕ(τ)

This defines an action of ϕ on the quantum Teichmüller space
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How to compute

Quantum Teichmüller invariants of surface diffeomorphisms

Consider a diffeomorphism ϕ : S → S
Suppose that we are given:

an enhanced character r̄ ∈ X enh
PSL2(C)(S) that is fixed by the

action of ϕ

system of puncture weights hv ∈ C∗ that is compatible with r̄
and ϕ–invariant

Then, the theorem associates to this ϕ–invariant data an
irreducible representation

ρ̄ = {ρ̄τ : CFq
τ → End(V ); τ ideal triangulation}

of the quantum Teichmüller space which is ϕ–invariant up to
isomorphism
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Quantum Teichmüller invariants of surface diffeomorphisms

A representation
ρ̄ = {ρ̄τ : CFq

τ → End(V ); τ ideal triangulation}
of the quantum Teichmüller space is ϕ–invariant up to isomorphism
if there exists an isomorphism Λ̄ϕ,r̄ ,hv : V → V

such that

ρ̄ϕ(τ) ◦ Φq
ϕ(τ)τ (X ) = Λ̄q

ϕ,r̄ ,hv
◦ ρ̄τ (X ) ◦ Λ̄q

ϕ,r̄ ,hv
−1 ∈ End(V )

for every X ∈ CFq
τ (S), where Φq

ϕ(τ)τ : CFq
τ → CF

q
ϕ(τ) induced by ϕ

Normalize so that det Λ̄q
ϕ,r̄ ,hv

= 1

Proposition∣∣Trace Λ̄q
ϕ,r̄

∣∣ depends only on q with qn = 1 and n odd, on the

enhanced ϕ–invariant character r̄ ∈ X enh
PSL2(C)(S) and on the

ϕ–invariant compatible puncture weights hv ∈ C∗
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How to compute

Comparison

ϕ : S → S and (q
1
2 )n = 1 with n odd

Representations of the skein algebra. Given

a ϕ–invariant SL2(C)–character r ∈ XSL2(S)

ϕ–invariant puncture weights pv ∈ C compatible with r

then the machinery spits out an isomorphism Λq
ϕ,r ,pv : V → V with

dimV = n3g−3+p

Representations of the quantum Teichmüller space. Given

a ϕ–invariant enhanced PSL2(C)–character r̄ ∈ X enh
PSL2(C)(S)

ϕ–invariant puncture weights hv ∈ C∗ compatible with r̄

then the machinery spits out an isomorphism Λ̄q
ϕ,r̄ ,hv

: V̄ → V̄ with

dim V̄ = n3g−3+p
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How to compute

Comparison

Proposition

Suppose that the PSL2(C)–character underlying r̄ ∈ X enh
PSL2(C)(S)

is the reduction of the SL2(C)–character r ∈ XSL2(S), and that

pv = h
1
2
v + h

1
2
v for every puncture v . Then, there is an isomorphism

V → V̄ conjugating Λq
ϕ,r ,pv to a scalar multiple of Λ̄q

ϕ,r̄ ,hv

Proof with a small lie.

Earlier work of FB + H. Wong =⇒ for every ideal triangulation τ ,
there is a quantum trace embedding SqSL2

(S)→ CFq
τ that is

compatible with the Chekhov-Fock coordinate changes Ψq
ττ ′

=⇒ every representation ρ̄ of the quantum Teichmüller space
restricts to a representation ρ of the skein algebra SqSL2

(S).

If Λ̄q
ϕ,r̄ ,hv

conjugates ρ̄ to its image under ϕ, it also conjugates ρ to
its image under ϕ
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How to compute

Comparison

The small lie. Because of the difference between SL2(C) and
PSL2(C), these are a few sign issues to be resolved

Technical advantage of the quantum Teichmüller space. The
representation theory is completely explicit
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How to compute

Computing Λ̄q
ϕ,r̄ ,hv

To compute the isomorphism Λ̄q
ϕ,r̄ ,hv

, connect the ideal
triangulation τ to ϕ(τ) by as sequence of ideal triangulations
τ = τ0, τ1, τ2, . . . , τk0 = ϕ(τ) where each τk is obtained from
τk+1. Then:

Ψq
τϕ(τ) = Ψq

τ0τ1 ◦Ψq
τ1τ2 ◦ · · · ◦Ψq

τk0−1τk0

the ϕ–invariant enhanced character r̄ ∈ X enh
PSL2(C)(S)

determines a shearbend parameter for each edge of each τk ,
and the edge weight of the edge ei of τ0 = τ is the same as
that of the edge ϕ(ei ) of τk0 = ϕ(τ)

these edge weights and the puncture weights hv determine
representations ρ̄k : CFq

τk
→ End(Vk) such that each ρ̄k is

isomorphic to ρ̄k−1 ◦Ψq
τk−1τk by an isomorphism

Λ̄k : Vk → Vk−1

can take Λ̄q
ϕ,r̄ ,hv

= Λ̄1 ◦ Λ̄2 ◦ · · · ◦ Λ̄k0
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How to compute

Example: the one-puncture torus

S = one-puncture torus π0 Diff+(S) = SL2(Z)

Fact. Every ϕ ∈ SL2(Z) is conjugate to ±ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕk0 where
each ϕk is equal to L = ( 1 1

0 1 ) or R = ( 1 0
1 1 )

Can assume ϕ = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕk0

Get a sequence of ideal triangulations τ0, τ1, τ2, . . . , τk0 = ϕ(τ0),
with

τk = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕk(τ0) ,
such that each τk is obtained from τk−1 by a diagonal exchange
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How to compute

Example: the one-puncture torus

The formulas involve the Faddeev-Kashaev discrete quantum
dilogarithm

QDLq(u, v | i) = v−i
i∏

j=1

(1 + uq−2j+1)

defined for q, u, v ∈ C and i ∈ Z with qn and vn = 1 + un

It is n–periodic, namely QDLq(u, v | i + n) = QDLq(u, v | i)

Also,

Dq(u) =
n∏

i=1

QDLq(u, v | i)

= (1 + un)−
n+1

2

n∏
j=1

(1 + uq−2j+1)n−j+1.
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How to compute

Example: the one-puncture torus

Trace Λ̄q
ϕ,r̄ ,hv

=
1

n
k0
2
∏k0

k=1

∣∣∣Dq(e
1
n
Uk )
∣∣∣ 1
n

n∑
i1, i2,..., ik0

=1

k0∏
k=1

QDLq(e
1
n
Uk , e

1
n
Vk | 2ik)

q
∑k0

k=1 i
2
k (εk+εk+1+2)−4

∑k0
k=1 εk+1ik ik+1

qε1l0i1+
−ε1 l0−m0+n0

2
ik0

where εk =

{
−1 if ϕk = L

+1 if ϕk = R.
, where the quantities Uk , Vk ∈ C

are determined by careful choices of logarithms for the shearbend
edge weights of r̄ ∈ X enh

PSL2(C)(S), and where l0, m0, n0 ∈ Z are
correction terms for the lack of periodicity of these logarithms



49/74

Asymptotics of quantum invariants

Analytic techniques

Part V

Analytic techniques
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Analytic techniques

Example: the one-puncture torus

Recall. S = one-puncture torus ϕ : S → S

ϕ ∈ π0 Diff+(S) = SL2(Z)

ϕ = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕk0 where each ϕk is equal to L = ( 1 1
0 1 ) or

R = ( 1 0
1 1 )
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Example: the one-puncture torus

We are interested in the growth rate of the modulus of
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ik0

where εk =

{
−1 if ϕk = L

+1 if ϕk = R.
, where the quantities Uk , Vk ∈ C, with

eVk = 1 + eUk , are determined by careful choices of logarithms for the
shearbend edge weights of r̄ ∈ X enh

PSL2(C)(S), and where l0, m0, n0 ∈ Z are
correction terms for the lack of periodicity of these logarithms
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Analytic techniques

Example: the one-puncture torus

QDLq is the Faddeev-Kashaev discrete quantum dilogarithm
QDLq(u, v | i) = v−i

∏i
j=1(1 + uq−2j+1)

defined for u, v ∈ C with vn = 1 + un and i ∈ Z

It is n–periodic, namely QDLq(u, v | i + n) = QDLq(u, v | i)

Also,

Dq(u) =
n∏

i=1

QDLq(u, v | i)

= (1 + un)−
n+1

2

n∏
j=1

(1 + uq−2j+1)n−j+1.
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Analytic techniques

Example: the one-puncture torus

Proposition

Let U ∈ C be given, with eU 6= −1. For every odd n, set q = e
2πi
n .

Then,

lim
n→∞

n=1mod 4

∣∣∣Dq(e
1
n
U)
∣∣∣ 1
n

= 2
ImU

4π

∣∣∣∣∣cosh U+πi
4

cosh U−πi
4

∣∣∣∣∣
1
4

lim
n→∞

n=3mod 4

∣∣∣Dq(e
1
n
U)
∣∣∣ 1
n

= 2
ImU

4π

∣∣∣∣∣sinh U+πi
4

sinh U−πi
4

∣∣∣∣∣
1
4

.

Proof.

Undergraduate math + brute force
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Example: the one-puncture torus

Therefore, we only need to understand the asymptotics of the sum

Sn =
n∑

i1, i2,..., ik0
=1

k0∏
k=1

QDLq(e
1
n
Uk , e

1
n
Vk | 2ik)

q
∑k0

k=1 i
2
k (εk+εk+1+2)−4

∑k0
k=1 εk+1ik ik+1

qε1l0i1+
−ε1 l0−m0+n0

2
ik0
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The quantum dilogarithms

Recall that, for qn = 1, the discrete quantum dilogarithm of
Faddeev-Kashaev is

QDLq(u, v | i) = v−i
i∏

j=1

(1 + uq−2j+1)

defined for u, v ∈ C with vn = 1 + un and i ∈ Z
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Analytic techniques

The quantum dilogarithms

For ~ > 0 and z ∈ C with −π~
2 < Re z < π + π~

2 , the small
continuous quantum dilogarithm of Faddeev is

li~2(z) =
12z2 − 12πz + 2π2 − π2~2

12

+ 2πi~
∫ +∞

0

(
sinh(2z − π)t

2t sinh(πt) sinh(π~t)
− 2z − π

2π2~t2

)
dt.

where the integrand of the integral continuously extends to

[0,+∞[ by taking the value (2z−π)(4z2−4πz−π2~2)
12π2~ at t = 0.

The big continuous quantum dilogarithm is

Li~2(z) = e
1

2πi~ li
~
2 (z)
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The quantum dilogarithms

Proposition

The big quantum dilogarithm function Li~2(z) has a unique
meromorphic extension to the plane C, with poles all contained in
]−∞, 0[ and zeros all contained in ]π,∞[, such that

Li~2(z + π~) = (1− e2iz+πi~)−1Li~2(z)

Corollary

If q = e
2πi
n , ~ = 2

n and u = e
1
n
U then

QDLq(u, v | j) = e−
j
n
V

Li
2
n
2

(
π
2 −

π
n + 1

2niU −
2πj
n

)
Li

2
n
2

(
π
2 −

π
n + 1

2niU
)
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The sum in analytic form

Recall. We are interested in the asymptotics of

Sn =
n∑

i1, i2,..., ik0
=1

k0∏
k=1

QDLq(e
1
n
Uk , e

1
n
Vk | 2ik)

q
∑k0

k=1 i
2
k (εk+εk+1+2)−4

∑k0
k=1 εk+1ik ik+1

qε1l0i1+
−ε1 l0−m0+n0

2
ik0

=
n∑

i1, i2,..., ik0
=1

g
(

2πi1
n , 2πi1

n , . . . ,
2πik0
n

)
exp

(
n

4πi fn( 2πi1
n , 2πi1

n , . . . ,
2πik0
n )
)
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The sum in analytic form

with

fn
(
α1,α2, . . . , αk0

)
=

k0∑
k=1

li
2
n
2

(
π
2 −

π
n + 1

2niUk − 2αk

)
−

k0∑
k=1

li
2
n
2

(
π
2 −

π
n + 1

2niUk

)
− 2

k0∑
k=1

(εk + εk+1 + 2)α2
k

+ 8
k0∑
k=1

εk+1αkαk+1

g
(
α1,α2, . . . , αk0

)
=

k0∏
k=1

e−
αk
π Vk exp

(
ε1 l̂0α1i + −ε1 l̂0−m̂0+n̂0

2 αk0 i
)

and since q = e
2πi
n
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The sum in analytic form

Proposition

For every z with 0 < Re z < π as ~→ 0

li
2
n
2 (z) = li2(e2iz) + O( 1

n2 )

where li2 is the classical dilogarithm

li2(u) = −
∫ u

0

log(1− t)

t
dt.

In addition, the convergence is uniform on compact subsets of the
strip {z ∈ C; 0 < Re z < π}
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The sum in analytic form

Therefore, as n→∞, fn
(
α1, α2, . . . , αk0

)
→ f∞

(
α1, α2, . . . , αk0

)
with

f∞
(
α1, α2, . . . , αk0

)
=

k0∑
k=1

li2
(
−e−4iαk

)
+ k0

π2

12

− 4

k0∑
k=1

εk+εk+1+2
2 α2

k + 8

k0∑
k=1

εk+1αkαk+1

=

k0∑
k=1

li2
(
−e−4iαk

)
+ Q

(
α1, α2, . . . , αk0

)
for some quadratic function Q

(
α1, α2, . . . , αk0

)
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Approximate discrete sum by integral

We want the asymptotics of

Sn =
n∑

i1, i2,..., ik0
=1

g
(

2πi1
n , 2πi1

n , . . . ,
2πik0
n

)
exp

(
n

4πi fn( 2πi1
n , 2πi1

n , . . . ,
2πik0
n )
)

with fn
(
α1, α2, . . . , αk0

)
→ f∞

(
α1, α2, . . . , αk0

)

Step 1. Riemann sum approximation

Sn ≈
(

n
2π

)k0

∫
[0,2π]k0

g(α1, α2, . . . , αk0)

exp
(

n
4πi f∞(α1, α2, . . . , αk0)

)
dα1 dα2 . . . dαk0
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The stationary phase method

Step 2. Well-known principle in mathematics/physics

Sn ≈
(

n
2π

)k0

∫
[0,2π]k0

g(α1, α2, . . . , αk0)

exp
(

n
4πi f∞(α1, α2, . . . , αk0)

)
dα1 dα2 . . . dαk0

≈
(

n
2π

)k0 constant

n
k0
2

g(c) exp
(

n
4πi f∞(c)

)
for some complex critical point c of f∞
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Search for critical points

The search for a complex critical point of

f∞
(
α1, α2, . . . , αk0

)
=

k0∑
k=1

li2
(
−e−4iαk

)
+ Q

(
α1, α2, . . . , αk0

)
is very similar to classical techniques (Casson, Rivin,
Neumann-Zagier, Yoshida) to explicitly find the hyperbolic metric
on the mapping torus Mϕ

, and will give

|Sn| ≈ constant n
k0
2 exp

(
n

4π volhypMϕ

)
which is what we wanted
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Except

This is all wrong!!
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Approximate discrete sum by integral

Step 1. Riemann sum approximation

Sn =
n∑

i1, i2,..., ik0
=1

g
(

2πi1
n , 2πi1

n , . . . ,
2πik0
n

)
exp

(
n

4πi fn( 2πi1
n , 2πi1

n , . . . ,
2πik0
n )
)

≈
(

n
2π

)k0

∫
[0,2π]k0

g(α1, α2, . . . , αk0)

exp
(

n
4πi f∞(α1, α2, . . . , αk0)

)
dα1 dα2 . . . dαk0

since fn
(
α1, α2, . . . , αk0

)
→ f∞

(
α1, α2, . . . , αk0

)

What about error approximation?

f∞
(
α1, α2, . . . , αk0

)
=
∑k0

k=1 li2
(
−e−4iαk

)
+ Q

(
α1, α2, . . . , αk0

)
for Q

(
α1, α2, . . . , αk0

)
quadratic
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Toy model

Sn =
n∑

j=1

exp
(

n
4πi f ( 2πj

n )
)

with f (α) = li2
(
eiα
)

+ 2α2

Plot the terms exp
(

n
4πi f ( 2πj

n )
)

1 2 3 4 5 6

-10

-5

5

10
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Toy model
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The Poisson Summation Formula

If h : R→ R is 2π–periodic, continuous, and a little regular

n∑
j=1

h
(

2πj
n

)
= n

∞∑
m=−∞

ĥ(mn) = n
2π

∞∑
m=−∞

∫ 2π

0
h(α)e−mnαi dα

Problem

and solution

The function h(α) = exp
(

n
4πi f (α)

)
= exp

(
n

4πi li2
(
eiα
)

+ nα2

2πi

)
is

not 2π–periodic, only at the points of the form α = 2πj
n

Need to introduce a Twisted Poisson Summation Formula
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The Poisson summation formula

Method pioneered by Ohtsuki (and D. Thurston)

Sn =
n∑

i1, i2,..., ik0
=1

g( 2πi1
n , 2πi2

n , . . . ,
2πik0

n ) exp
(

n
4πi fn( 2πi1

n , 2πi2
n , . . . ,

2πik0

n )

=
(

n
2π

)k0

∞∑
m1,m2,...,mk0

=−∞
F̂n(m1,m2, . . . ,mk0 )

with

F̂n(m1,m2, . . . ,mk0 ) =

∫
[0,2π]k0

gn(α1, α2, . . . , αk0 )

exp

(
n

4πi

(
fn(α1, α2, . . . , αk0 ) +

k0∑
k=1

mkπαk

))
dα1 dα2 . . . dαk0

Idea: a handful of these integrals will dominate all the other ones
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The saddle point method

To estimate

F̂n(m1,m2, . . . ,mk0 ) =

∫
[0,2π]k0

gn(α1, α2, . . . , αk0 )

exp

(
n

4πi

(
fn(α1, α2, . . . , αk0 ) +

k0∑
k=1

mkπαk

))
dα1 dα2 . . . dαk0

deform the integration domain [0, 2π]k0 in the imaginary direction
so that the maximum of Im f∞ is “as small as possible”

Because of the explicit form of
f∞
(
α1, α2, . . . , αk0

)
=
∑k0

k=1 li2
(
−e−4iαk

)
+ Q

(
α1, α2, . . . , αk0

)
this can be done “by hand”
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Connections with hyperbolic geometry

The quadratic term

Q
(
α1, α2, . . . , αk0

)
= −4

k0∑
k=1

εk+εk+1+2
2 α2

k + 8

k0∑
k=1

εk+1αkαk+1

is determined by the decomposition of the diffeomorphism
ϕ : S → S as

ϕ = ϕ1 ◦ ϕ2 ◦ · · · ◦ ϕk0

where each ϕk is equal to L = ( 1 1
0 1 ) or R = ( 1 0

1 1 )

This combinatorial data also gave us a sequence of ideal
triangulations τ0, τ1, τ2, . . . , τk0 = ϕ(τ0), which gives us an ideal
triangulations of the mapping torus Mϕ, namely a decomposition
of Mϕ into ideal tetrahedra
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Connections with hyperbolic geometry

The minimizing process “by hand” of the previous step has a nice
combinatorial interpretation in terms of angle structures for this
ideal triangulation of the mapping torus Mϕ, a classical tool to
explicitly find the hyperbolic metric of Mϕ

However, we need to assume that the following geometric
hypothesis holds for Mϕ

Geometric Hypothesis. The volume of every realizable angle
structure for the ideal triangulation of Mϕ is 6 volhypMϕ, with
equality only for the angle structure associated to the hyperbolic
metric

The Geometric Hypothesis is widely assumed to always hold. It
can be effectively checked by computer on specific examples.
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Connections with hyperbolic geometry

Assuming that the Geometric Hypothesis holds, exactly 4k0 critical
points of the function

fn(α1, α2, . . . , αk0) +

k0∑
k=1

mkπαk

contribute leading terms � n
k0
2 exp

(
n

4π volhypMϕ

)
to the integrals

F̂n(m1,m2, . . . ,mk0 ) =

∫
[0,2π]k0

gn(α1, α2, . . . , αk0 )

exp

(
n

4πi

(
fn(α1, α2, . . . , αk0 ) +

k0∑
k=1

mkπαk

))
dα1 dα2 . . . dαk0
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Cancellations

Oops! Surprise!

In the sum of these 4k0 leading terms

� n
k0
2 exp

(
n

4π volhypMϕ

)
, many of them cancel out

We are only left with 2k0 of them, which are all equal and therefore

provide a global estimate that Sn � n
k0
2 exp

(
n

4π volhypMϕ

)
.

Making sure that the 4k0 do not all cancel out involves lifting a
property from PSL2(C) to SL2(C).

In particular, the leading terms will all cancel out for the growth
rate of Trace Λ̄q

ϕ,r̄ ,hv
in quantum Teichmüller theory, when the

ϕ–invariant PSL2(C)–character r̄ ∈ X enh
PSL2(C)(S) does not lift to a

ϕ–invariant SL2(C)–character r ∈ XSL2(S)
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Thank you


	Perspective
	Perspective

	The SL2–skein algebra and its representations
	The SL2–skein algebra and its representations

	One more volume conjecture
	One more volume conjecture

	How to compute
	How to compute

	Analytic techniques
	Analytic techniques


